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Abstract:
We analyze the effect of multitrace deformations in conformal field theories at leading
order in a large N approximation. These theories admit a description in terms of weakly
coupled gravity duals. We show how the deformations can be mapped into boundary
terms of the gravity theory and how to reproduce the RG equations found in field theory.
In the case of doubletrace deformations, and for bulk scalars with masses in the range
−d2/4 < m2 < −d2/4 + 1, the deformed theory flows between two fixed points of the
renormalization group, manifesting a resonant behavior at the scale characterizing the
transition between the two CFT’s. On the gravity side the resonance is mapped into an
IR non-normalizable mode (Gamow state) whose overlap with the UV region increases as
the dual operator approaches the free field limit. We argue that this resonant behavior
is a generic property of large N theories in the conformal window, and associate it to a
remnant of the Nambu-Goldstone mode of dilatation invariance. We emphasize the role
of nonminimal couplings to gravity and establish a stability theorem for scalar/gravity
systems with AdS boundary conditions in the presence of arbitrary boundary potentials
and nonminimal coupling.
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1 Introduction
Multitrace deformations of large N conformal field theories (CFT’s) were first studied in
the context of the gauge/gravity correspondence in [1][2], and soon after in [3][4][5]. These
can be described by the following expression
ICFT +
∫
ddxW (O). (1.1)
Here, ICFT formally denotes a d-dimensional large N CFT, and O is a (composite) scalar
singlet operator of the CFT with scaling dimension ∆. W is an arbitrary functional density
of the scalar operator which will be referred to as a multitrace deformation of the CFT.
On the gravity side, the d-dimensional, large N CFT is described by an AdSd+1 geom-
etry [6], whereas O is mapped into a scalar mode φ propagating in the bulk of space-time.
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The mass m of the bulk scalar, normalized in units of the AdS curvature, is related to the
scaling dimension ∆ of the dual operator by
∆± =
d
2
± ν, (1.2)
ν =
√
m2 +
d2
4
.
The duality between the CFT and the gravity theory completes once appropriate boundary
conditions on the scalar φ are imposed [7][8]. These boundary conditions select which of
the quantities ∆± should be associated to the scaling dimension ∆ of the dual operator O.
In other words, it is the boundary condition that defines the dual CFT.
In the standard AdS/CFT prescription one implements Dirichlet boundary conditions
on the bulk fields [7][8]. This way one finds that ∆ = ∆+. The partition function of the
CFT with ∆ = ∆− was recovered in [8] as a Legendre transform of the former functional.
In the standard approach, therefore, the quantizations ∆ = ∆± are treated differently.
A study of multitrace deformations of CFT’s suggests, on the other hand, that the
two inequivalent boundary theories ∆ = ∆± can be recovered as two limits of the same
deformed theory. To appreciate this it is useful to refer to calculable, large N field theories
defined by the formal structure (1.1).
A complete field theory planar analysis of (1.1) with W (O) = f2O2 a doubletrace
deformation is given in [9][10], see also [11] for a 1-loop analysis. The main conclusions of
these studies can be summarized in terms of the beta function of the dimensionless coupling
f¯ = fΛ2∆−d
βf¯ ≡ Λ
df¯
dΛ
= f¯2 + (2∆ − d)f¯ + a, (1.3)
and the scaling dimension of the operator O
∆O = ∆+ f¯ . (1.4)
In the above formulas, the parameters a and ∆ are functions of the couplings of the CFT
and can be regarded as constants in a leading planar analysis [9]. A non-vanishing a
term in the beta function (1.3) appears if the doubletrace deformation O2 is required as
a counterterm, in which case the undeformed theory is not a complete quantum theory,
and in particular not a CFT. This is for example the case of orbifold projections of N = 4
SYM, see [12] for an early reference.
The existence of a beta function for f¯ tells us that the deformed theory (1.1) is not
generally a large N CFT. A look at (1.3) reveals in fact two distinct regimes characterized
by the sign of the discriminant of (1.3):
D =
(
∆− d
2
)2
− va. (1.5)
If D ≥ 0 the theory admits two fixed points f¯± of the renormalization group, and the
scaling dimensions of the operator O at the two fixed points read
∆± =
d
2
±
√
D. (1.6)
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The additional requirement D < 1 ensures the scalar satisfies the unitarity bound [13] at
both fixed points. A consistent description of the theory in the regime 0 ≤ D < 1 can
only be given – in a leading 1/N approximation – for couplings in the range f¯− < f¯ < f¯+,
in which case the dynamics describes a flow between two CFT’s. This latter feature was
shown to lead to the appearance of a resonant pole in the 2-point functions of the field
O in [10]. For renormalized couplings outside the range f¯− < f¯ < f¯+ the doubletrace
deformation is either trivial or it induces a tachyonic instability.
The model (1.1) with W = f2O2 is completely destabilized in the regime D < 0 in
which the two fixed points f¯± formally move to the complex plane.
Eq. (1.6) represents the field theory expression of the AdS/CFT relation (1.2) between
the two inequivalent dimensions ∆± of a CFT operator O and the mass m of the dual bulk
scalar φ. It follows that [9]
ν =
√
D. (1.7)
Note that the identification (1.7) is consistent with the field theory expectation that D < 0
signals an instability of the CFT. Indeed, it is well known that if the bulk scalar mass is
such that ν2 < 0 the AdSd+1 geometry becomes unstable [14].
From the field theory perspective it thus appears clear that the two inequivalent CFT’s
associated to the two gravity quantizations ∆ = ∆± are related by a doubletrace deforma-
tion. This in particular anticipates that there should exist a prescription that allows us to
describe the two inequivalent quantizations ∆ = ∆± in a symmetric way. In addition, the
field theory analysis of [9][10] leaves us with a few interesting questions to be answered: Is
there a systematic way to embed multitrace deformations on the gravity theory? Can we
reproduce the RG flow found on the field theory side? How does the a term in (1.3) appear
on the gravity dual? What is the nature of the resonant mode in the gravity description?
Is it a specific property of doubletrace deformed CFT’s or a more general feature? The
aim of this paper is to address these issues.
A systematic implementation of multitrace deformations on the gravity dual theories
was proposed in [5]. There it was suggested that CFT deformations can be mapped into
appropriate boundary terms on the gravity side. The resulting boundary conditions on the
dual scalar φ agreed with the general recipe proposed in [2].
The first part of our work will be hence devoted to a review of the formalism developed
in [7][8][2], and especially in [5]. The main difference between our approach and that of [5]
is that in the latter paper the scaling dimension of the dual operator was assumed to be
∆ = ∆+ in order to avoid singularities at the conformal boundary. Here we will instead
focus on the case ∆ = ∆−. As we will see, our approach has interesting implications on the
analysis of the RG flow of the couplings of multitrace deformations. In fact, the boundary
terms on the gravity side will be shown to be in one to one correspondence with multitrace
deformations of the 1 Particle Irreducible (1PI) action of the operator O of dimension
∆ = ∆−, as opposed to being mapped into deformations of the generating functional of an
operator O of dimension ∆ = ∆+ as in [5]. We will find that it is precisely the RG scale
dependence hidden in the boundary action that prevents the appearance of singularities on
the gravity side. This will allow us to easily identify the RG equations for the boundary
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couplings. We will eventually use the tools developed in this preliminary part of the paper
to derive our main original results. These will be discussed in Sections 3, 4, and 5.
The paper is organized as follows. In Section 2.1 we will review the results of [7][8][2][5]
relevant to our analysis. Here we will emphasize that the two inequivalent quantizations
∆ = ∆± can be selected by two distinct boundary conditions on the scalar φ, and specifi-
cally that these two quantizations can be treated in a completely symmetric way. Consis-
tently with the general prescription adopted here, the source of the dual operator O will
be described by a linear term at the boundary of the gravity action. An explicit mapping
between arbitrary CFT deformations and boundary terms on the gravity side is presented
in Section 2.2.
Doubletrace deformations, for which the AdS/CFT analysis can be compared to the
field theory predictions of [9][10], will be studied in some detail in Section 3. Generalizing
the results of [2] we will see that the leading 1/N RG flow (1.3) induced by the doubletrace
deformations and the identification ν =
√
D proposed in [9] can be correctly reproduced
by a weakly coupled gravity dual. A special role in our discussion is played by nonminimal
couplings to gravity which will be shown to be in one to one correspondence with the a
term in (1.3).
The weakly coupled gravity description should also be able to reproduce other features
of the field theory, including the resonant behavior characterizing doubletrace deformed
large N CFT’s [10]. The resonance has a non-zero width already at leading order in the
1/N expansion, and it cannot be found in the physical spectrum of the gravity dual. In
Section 4 we will show that this state appears as an IR non-normalizable mode on the
gravity side, as its composite nature anticipates. These modes were first introduced by
Gamow in his study of alpha decay, and are sometimes referred to as Gamow states in
the literature. The scalar resonance which appears in these scenarios was associated to a
remnant of the Nambu-Goldstone mode of conformal invariance in [10]. We will explain how
this interpretation is recovered on the gravity side, and argue that the resonant behavior
is a generic feature of theories flowing between two CFT’s.
The theorem for the classical stability ofAdSd+1 discussed in [17][18][19] in the presence
of a generic (potential) deformation W will be generalized to models with nonminimal
couplings in Section 5. In agreement with field theory expectations, the stability of the
nonminimally coupled systems will be found to depend on the bulk dynamics as well as on
the boundary potential, in sharp contrast with the minimally coupled systems.
2 A systematic approach
There exist two inequivalent quantizations for a scalar field in AdSd+1 with bulk mass in
the range (0 < ν < 1) [14]
m2BF < m
2 < m2BF + 1, (2.1)
where m2BF = −d2/4. The importance of this fact in the context of the AdS/CFT cor-
respondence has been revealed in [8], where it was argued that the two quantizations are
associated to the two scaling dimensions ∆± defined in (1.2).
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In this section we build on the results of [5] and eventually develop a formalism that
allows us to treat the two quantizations ∆ = ∆± in a symmetric way. A natural general-
ization of this prescription will then be used to systematically encode the effect of a generic
multitrace deformation W (O) along the lines of [2][5].
2.1 Two possible quantizations
Let us begin by introducing our notation. We define the AdSd+1 metric as:
ds2 =
1
z2
(ηµνdx
µdxµ − dz2), (2.2)
where for simplicity the curvature length has been normalized to 1. We will be formulating
our gravity theory in the regularized region z > ǫ, where ǫ−1 may be viewed as an UV
cutoff of the dual theory. At the end of the computation we will eventually consider the
continuum limit ǫ→ 0.
For finite UV cutoff, the quadratic theory for a scalar φ contains a boundary term. In
Euclidean space this is: ∫
ddx
√
h
[
λ′
2
(∂φ)2 +
∆O
2
φ2 + J˜φ
]
z=ǫ
, (2.3)
where h is the determinant of the induced metric at the boundary z = ǫ. The boundary
kinetic term may be neglected with respect to the mass term as far as λ′(qǫ)2 ≪ ∆O. In
the limit ǫ ≪ 1 and for d-dimensional momenta below the UV cutoff, i.e. qǫ < 1, we can
safely ignore it and set λ′ = 0. This choice is solely dictated by simplicity: the main results
presented in this paper can be generalized to the case λ′ 6= 0. Under our assumption, the
regularized quadratic action for φ can be written on the AdS background (2.2) as
Ireg =
1
2
∫
ddx
∫
dz z1−d
[
∂φ2 + φ′2 +
m2
z2
φ2
]
(2.4)
+
∫
z=ǫ
ddxz−d
[
∆O
2
φ2 + J˜φ
]
,
where a prime denotes derivative with respect to z. The linear term J˜φ will be identified
with the source of the CFT operator dual to φ below, whereas the quadratic term ∆Oφ
2
with a doubletrace deformation. At this stage this latter term may be seen as a counterterm
in the language of [20].
From the regularized theory (2.4) we derive the equations of motion
− φ′′ + d− 1
z
φ′ +
m2
z2
φ = ∂2φ, (2.5)
and the boundary conditions
z−dδφ
[
zφ′ −∆Oφ− J˜
]
ǫ
= 0, (2.6)
z−dδφ
[
zφ′
]
∞
= 0.
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The general solution for m2 > m2BF behaves for small z as
φ = αz∆−(1 +O(z2)) + βz∆+(1 +O(z2)), (2.7)
where ∆± are given in (1.2), whereas α and β are generic functions of the transverse
coordinates xµ. The solution for the degenerate case m2 = m2BF behaves as
φ = zd/2(α log z + β)(1 +O(z2)), (2.8)
while for m2 < m2BF the exponents ∆± become complex and the scalar φ propagates
tachyons. In the following we wil assume that m2 ≥ m2BF . The solutions with α = 0 or
β = 0 are also referred to in the literature as fast or slow falloff solutions, or even as regular
or irregular solutions, respectively.
The standard AdS/CFT prescription [7][8] is formulated with Dirichlet boundary con-
ditions δφ|ǫ = 0. In this case the field φ is fixed at z = ǫ, and its boundary value α is
interpreted as the CFT source J . We will call this the ∆+ quantization, because the op-
erator dual to φ turns out to have scaling dimension ∆+. The ∆− quantization, in which
the dual operator has weight ∆−, is obtained by identifying β with the source of the dual
CFT operator.
We wish to formulate a prescription such that the relations α = J or β = J are
automatically induced by suitable boundary conditions. We thus require the scalar to
satisfy (see (2.6))
[
zφ′ −∆Oφ
]
ǫ
=
[
J˜
]
ǫ
(2.9)
at the UV boundary z = ǫ, whereas the condition in the interior follows from regularity of
the solution, as indicated in (2.6). A discussion of the generalized prescription (2.9) first
appeared in [21][22][5].
The advantages of the formulation (2.9) are manifold. First, the prescription (2.9)
allows us to treat the two quantizations ∆ = ∆± is a symmetric fashion: the ∆± quantiza-
tions are simply selected by choosing ∆O = ∆±. Second, a straightforward generalization
of (2.9) can be used to systematically implement the boundary conditions introduced in [2]
to account for the presence of an arbitrary multitrace deformation W (this was first done
in [5] for ∆O = ∆+). Third, the formulation (2.9) suggests a simple and intuitive way of
deriving the Wilsonian RG flow of the boundary couplings of the multitrace deformation.
The last two points will be clarified in Sections 2.2 and 3.1 respectively. In this subsec-
tion we will emphasize that the prescription (2.9) implies that the choice of quantization
(whether ∆− or ∆+) is mapped into a choice of the boundary mass term ∆O. This is read-
ily understood by observing that, with the help of the asymptotic forms (2.7) and (2.8),
the boundary condition (2.9) with ∆O = ∆+ (∆−) reads 2να = −J˜ǫ−∆− (2νβ = J˜ǫ−∆+),
which – up to an irrelevant normalization – basically represents the identification proposed
in [8].
In order to unambiguously prove the consistency of our approach we now show that the
regularized action (2.4) evaluated on a solution satisfying (2.9) with ∆O = ∆± correctly
reproduces the 2-point functions of a CFT operator O of dimension ∆±, and also that the
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quantity J˜ corresponds to the source of the boundary CFT operator. The general case in
which ∆O is arbitrary will be analyzed in Section 3.
We start with the choice ∆O = ∆−. In this case one can see that the undeformed CFT
action, i.e. eq (2.4) with J˜ = 0, is finite as ǫ → 0 for 0 < ν < 1. In the derivation of the
2-point function we will thus assume that the relation 0 < ν < 1 is satisfied. By Fourier
transforming the scalar, the on-shell regularized action becomes
Ireg
∣∣∣
on−shell
=
1
2
∫
ddq
(2π)d
J˜(ǫ,−q)ǫ−dφ(ǫ, q). (2.10)
Finiteness of the action in the presence of the source term forces the normalization of J˜ .
This latter condition translates into
J˜(ǫ, q) = 2νǫ∆+J(q) (2.11)
= ǫd(2νǫ−∆−)J(q),
where the numerical factor is conventionally chosen so that the boundary condition (2.9)
reads β = J . The solution of the Euclidean equations of motion satisfying (2.9) with our
choice ∆O = ∆− and regular in the interior is
φ(q, z) = −J˜
(z
ǫ
)d/2 Kν(qz)
qǫKν−1(qǫ)
, (2.12)
with Kν(x) being the modified Bessel function of the second kind. Using the map-
ping (2.11), the on-shell action finally becomes
Ireg
∣∣∣
on−shell
= −1
2
∫
ddq
(2π)d
J(−q)G−(q)J(q), (2.13)
where
G−(q) = ǫ
2ν (2ν)
2Kν(qǫ)
qǫKν−1(qǫ)
(2.14)
Recalling that the condition ∆O = ∆− admits a consistent gravitational description for
ν < 1, we can now consider the continuum limit ǫ→ 0. From the small argument expansion
of the Bessel function we find
Kν(x)
xKν−1(x)
=
22ν
2ν
Γ(1 + ν)
Γ(1− ν)x
−2ν + . . . (2.15)
where the dots are subleading in x→ 0 if ν < 1. Retaining only the finite part, the 2-point
function (2.14) reduces to
G−(q) ≡ +2νΓ(1 + ν)
Γ(1− ν)
(q
2
)−2ν
, (2.16)
in agreement with the results of [8]. This is the correct 2-point function for a CFT operator
with dimension ∆−. In the range 0 < ν < 1 the correlator satisfies the unitarity bound
Im[G−] ≥ 0, if evaluated on the physical cut [10].
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In a similar way we can derive the correlator for a dual operator of dimension ∆+ ≥ d/2
by choosing the boundary mass term to be ∆O = ∆+. In this case the undeformed CFT
action is regular as ǫ → 0 if ν ≥ 0, and we will assume that this condition is satisfied.
Normalizing the source so that α = J we have
G+(q) = −2νΓ(1− ν)
Γ(1 + ν)
(q
2
)2ν
. (2.17)
In the derivation of the latter expression we only kept the leading nonanalytic term in
q. The discarded analytic terms correspond to local divergences. As expected from the
field theory perspective, such divergences are absent if the CFT operators has dimension
∆− < d/2, in agreement with our derivation of (2.16). The calculation leading to (2.17)
simply assumed ν ≥ 0; in that range the unitarity bound Im[G+] ≥ 0 is satisfied. The
degenerate case ν = 0 requires a slightly different normalization of the source in order to
obtain a finite correlator [8], see also (2.11).
An important result of the present discussion – which will be crucial in what follows
– is summarized by the mapping (2.11) between the boundary coupling J˜ and the field
theoretic source J of the CFT operator dual to φ. In eq. (2.11) we assumed the operator
has dimension ∆−, but a similar formula holds if ∆O = ∆+.
2.2 Multitrace deformations
In the previous subsection we saw that the generating functional for an operator O of
conformal weight ∆+ is
I[α] = −1
2
∫
αG+α+ . . . , (2.18)
where G+ is given above and the dots stand for higher powers of the source J = α, which
we can neglect in the leading 1/N approximation. Similarly, the generating functional of
a dimension ∆− operator is
F [β] = −1
2
∫
βG−β, (2.19)
where now β = J denotes the source associated to the dual operator.
Interestingly, G± are not independent. From (2.16) and (2.17) we indeed see that
G− = −(2ν)
2
G+
, (2.20)
where the negative sign comes from the unitarity requirement that the position space
correlators are positive definite (in Euclidean space). With this crucial relation at hand,
we see that the Legendre transform of the functional F [β] with respect to 2να, namely
F [β]−
∫
(2να)β (2.21)
evaluated on the solution of 2να ≡ δFδβ , gives exactly I[α]; in other words, β and 2να are
conjugate variables [8]. Recalling the relation between the generating functional and the
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1PI action, we see that if the coefficient β of (2.7) is identified with the CFT source J of
the operator O, 2να represents its vacuum expectation value. We will prove this by direct
computation in a subsequent section.
The main conclusion of this brief digression is that the on-shell gravity action I[α] must
be viewed as the effective 1PI action for the classical field 〈O〉 = 2να when the operator
O has dimension ∆−. In particular, any deformation of the boundary lagrangian in the
regularized theory (2.4) must be interpreted as an explicit deformations of the effective
action for an operator O with scaling dimension ∆−. The same conclusion was previously
presented in [16]. This fact will allow us to describe arbitrary CFT deformations, as we
will see shortly.
Now, if we denote with I[〈O〉] the effective action for the classical field 〈O〉 – with the
operator having scaling dimension ∆− –, a multitrace deformation δL =W (O) of the bare
action (see (1.1)) is described by the following 1PI functional
If [〈O〉] = I[〈O〉] +
∫
W (〈O〉), (2.22)
where f labels the parameters entering W . Following our conventions we now denote with
β the source of the undeformed theory,
β = − δI
δ〈O〉 . (2.23)
In the presence of the deformation this identification is lost. The source of the deformed
theory, J , is related to β via
J ≡ − δIf
δ〈O〉 = β −
δW
δ〈O〉 . (2.24)
Equivalently, we can imagine that the deformation W already includes the source term.
With this convention the above relation reads
β =
δW
δ〈O〉 . (2.25)
Because 〈O〉 is ultimately connected to α, we see that the presence of a multitrace deforma-
tion is parametrized by a relation between the two coefficients α, β appearing in (2.7) [2][5].
In complete generality, consider a regularized action of the form
Ireg =
1
2
∫
ddx
∫
dz
√
g
[
(∇φ)2 +m2φ2 + . . . ] (2.26)
+
∫
ddx
√
h [U(φ)]z=ǫ ,
where the dots stand for arbitrary interactions and higher derivatives, whereas U is an
arbitrary functional density of φ – typically including a source term J˜φ. If we define
W˜ (φ) = U(φ)− ∆−
2
φ2, (2.27)
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the boundary condition (2.9) generalizes to
[
zφ′ −∆−φ
]
ǫ
=
[
W˜ ′
]
ǫ
, (2.28)
where from now on a prime denotes derivative with respect to the argument. We claim
that (2.28) represents the gravity dual of (2.25): eq. (2.28) enforces the CFT constraint (2.25)
as a functional relation between the coefficients α, β of (2.7), and therefore systematically
implements the boundary conditions discussed in [2]. As anticipated, the CFT deformation
is mapped into the boundary action U .
In general, the couplings of U , and ultimately of W˜ , depend on the cutoff. We will see
this explicitly for the specific case of a quadratic deformation in Section 3, but the result
is general (see also [23]). It will be clear from our analysis that this dependence on the RG
scale ǫ is crucial in obtaining the CFT formula (2.25) from (2.28).
We can finally formalize our claim stating that a generic CFT deformationW , see (1.1),
is mapped into the boundary functional (2.27) via the identification
W˜ (φ) ≡ ǫdW (2να), (2.29)
where the equivalence is valid for ǫ→ 0.
3 Doubletrace deformations
In this section we will address the physical meaning of a generic boundary mass term
∆O in (2.4), and verify the validity of our identification (2.29) on the explicit, tractable
example of doubletrace deformations. The RG evolution of the boundary couplings will be
compared to the field theory result, and a precise mapping for the CFT violating parameter
a of (1.3) will be given.
3.1 The RG flow
We begin our discussion by emphasizing that our regularization ǫ 6= 0 was introduced in
Section 2 as a computational artifact, and that no physical meaning is encoded in ǫ. In
particular, the gravity theory should not depend on the regulator. Let us see what the
implications of this request are. Define
∆O = ∆− + f¯ . (3.1)
In terms of the new variable f¯ , and using the identification (2.11), the boundary condi-
tion (2.9) (or, more generally, eq. (2.28)) becomes
β = J +
f¯
2ν
(
αǫ−2ν + β
)
. (3.2)
Let us first focus on the dynamics of the CFT in the absence of the external source J .
In this case (3.2) simplifies to
f¯ =
2ν
1 + αβ ǫ
−2ν
. (3.3)
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Requiring that the gravity theory does not depend on ǫ is tantamount to saying that α, β
do not depend on the UV cutoff. This can only be compatible with the boundary condition
if f¯ has a dependence on ǫ expressed by:
ǫ−1
df¯
dǫ−1
= f¯2 − 2νf¯ . (3.4)
This result generalizes the analysis of the ν = 0 case performed in [2].
The beta function (3.4) is precisely the RG flow of the coupling of the doubletrace
deformation (1.3) when a = 0, namely when the undeformed theory is an actual CFT. We
thus argue that the doubletrace deformation W = fO2 is mapped into a boundary term
f¯φ2 in the gravity theory, and that the coupling f¯ is in one to one correspondence with the
renormalized and dimensionless coupling of the field theory. This agrees with our general
recipe (2.29).
The explicit relation between f and f¯ will be derived below. For now we observe that
the critical exponents derived by (3.4), namely
β′f¯ = ±2ν, (3.5)
coincide with the ones found on the field theory side, see (1.3) with a = 0, if we identify
ν =
√
D.
We therefore see that the choices ∆O = ∆−,∆+ (that is f¯ = 0, 2ν) discussed in
Section 2.1 correspond respectively to an UV and an IR fixed point for the deformed CFT
(that is for the coupling f¯). At the fixed points we have either β = 0 or α = 0 depending
on the fixed point being UV or IR.
3.2 The 2-point function
The generating functional in the presence of the deformation f¯ 6= 0 (arbitrary ∆O) can be
derived along the lines presented in Section 2, the only difference consists in a modification
of the boundary conditions. Imposing the constraint (2.9) – where ∆O is now the generic
expression (3.1) – on the solution of (2.5) we generalize (2.12) to the f¯ 6= 0 case:
φ(q, z) = −J˜
(z
ǫ
)d/2 Kν(qz)
qǫKν−1(qǫ) + f¯Kν(qǫ)
. (3.6)
Thanks to the identification (2.11), the regularized on-shell action (2.13) now generalizes
to
Ireg
∣∣∣
on−shell
= −1
2
∫
ddq
(2π)d
J(−q)Gf¯ (q)J(q), (3.7)
where we defined
Gf¯ (q) =
G−(q)
1 + fG−(q)
, (3.8)
and
f¯ = (2ν)2ǫ2νf (3.9)
= ǫd
(
2νǫ−∆−
)2
f.
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The numerical factor (2ν)2 in (3.9) reflects our conventions in the normalization of the
Green’s function, and hence of the source J˜ (2.11).
The expression (3.8) may have been obtained from a Dyson series of the form Gf¯ =
G− + (−f)G−(−f) + . . . , corresponding to the correlator of a CFT deformed by the dou-
bletrace operator W = fO2/2 [2][15]. This allowed us to make the identification (3.9)
between the boundary coefficient f¯ and the (bare) coupling f .
The correlator (3.8) describes a flow between two fixed points of the renormalization
group, as (3.4) anticipates. In fact, the leading nonanalytic expression for low or high
momenta is
Gf¯ ∼
{
−q+2ν q ≪ f1/(2ν)
+q−2ν q ≫ f1/(2ν). (3.10)
From the scaling behavior of the Green’s function we confirm that ∆− and ∆+ are the UV
and IR dimensions of O, respectively.
We have just shown that the AdSd+1 background is capable of reproducing the 2-point
function of the deformed (f¯ 6= 0) field theory. This suggests that pure AdSd+1 is the
correct geometry on which to compute correlation functions in the presence of doubletrace
deformations. This conclusion seems counterintuitive, because we are used to think that
a deformation of the CFT should be mapped into a deformation of the dual geometry.
Yet, we will prove the nonperturbative classical stability of AdSd+1 in the presence of the
doubletrace deformation in Section 5. Only when subleading corrections (quantum effects
on the gravity theory) are taken into account the RG flow is found to actually induce a
modification of the geometry [24].
We conclude this section with an explicit test of our formula (2.29). In the case of
W = J〈O〉 + f〈O〉2/2 the field theory arguments of Section 2.2 imply β = J + f〈O〉,
see eq. (2.25). If the regularized theory (2.4) aspires to describe this physics, it should
be able to reproduce this result. To show that this is indeed the case we first have to
relate the vacuum expectation value 〈O〉 of the undeformed theory to the coefficient α
of (2.7). Inserting the asymptotic form (2.7) in the on-shell action, imposing the boundary
constraint (3.2), and deriving the action with respect to J (f¯ does not depend on J), gives
〈O〉J = 2ν
(
α+ J
dα
dJ
)
, (3.11)
for ǫ→ 0. We thus recover the well known statement that the vacuum of the theory in the
absence of the deformation (f¯ = J = 0) is given by 〈O〉 = 2να. Now, in the limit ǫ → 0
and using (3.9) one sees that our boundary condition (3.2) reads β = J + f(2να), which is
indeed the expected result (2.25).
More explicitly, with the help of (2.11) and (3.9) we see that, in the limit ǫ→ 0,
W˜ = J˜φ+
f¯
2
φ2 → ǫd
[
J(2να) +
f
2
(2να)2
]
. (3.12)
This result confirms our map (2.29). The extra factor ǫd in (2.29) exactly cancels the
√
h
in (2.26), and ensures that the deformation survives as the cutoff is removed. Notice that
the running of the couplings J˜ , f¯ is crucial in deriving (3.12).
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3.3 The role of nonminimal couplings to gravity
In a generic theory there is no symmetry forbidding nonminimal couplings to gravity. In
particular, we expect a term of the form ξφ2R/2 to arise in a non-supersymmetric setup.
Because this term is quadratic in the scalar, we anticipate some modifications of the 2-point
function already at leading order in the planar limit. Let us consider the following action
(now in Minkowski space):
Ireg =
1
2
∫
dd+1x
√
g
(
(∇φ)2 −m2φ2 + ξRφ2) (3.13)
+
1
2
∫
ddx
√
h
[
2ξKφ2 − (f¯ + ∆¯−)φ2
]
z=ǫ
.
We have dropped the source term because we would like to focus on the dynamics (1.1)
with W a doubletrace deformation.
The boundary term
√
hξKφ2 is a generalization of the Hawking-Gibbons term, and
it is essential in order to formulate a consistent variational problem in the presence of a
nonminimal coupling (see the Appendix A). Here, K = ∇ana is the trace of the extrinsic
curvature and na is an unit vector normal to the boundary. In our case na = (0, 0, . . . , 0, z)
is space-like and we find
K = −d. (3.14)
The additional, ∝ ξ, boundary term has a crucial impact on the resulting physics. This
is readily understood by implementing the standard AdS/CFT prescription. The effect of
nonminimal couplings to gravity were also considered in [22].
Here, we find it convenient to analyze the implications of a nonminimal coupling by
means of our modified prescription (2.28). For this purpose we have included in (3.13) the
boundary ∆¯−φ
2/2 operator, where
∆¯− =
d
2
− ν¯ (3.15)
ν¯ =
√
m¯2 +
d2
4
includes an effective bulk mass term m¯2 = m2 − ξR. Yet, this choice, i.e. the definition of
f¯ in (3.13), is completely arbitrary, and the discussion that follows does not depend on it.
With our convention, the boundary condition (2.28), for J˜ = 0, becomes:
zφ′ − ∆¯−φ = (f¯ + 2dξ)φ (3.16)
and can be equivalently expressed as
f¯ + 2dξ =
2ν¯
1 + αβ ǫ
−2ν¯
. (3.17)
This generalizes eq.(3.3) to the ξ 6= 0 case. If we insist that our theory does not depend on
the regularization, we are again forced to conclude that there exists a scale dependence in
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the deformation f¯(ǫ) 1:
ǫ−1
df¯
dǫ−1
= f¯2 + 2(2dξ − ν¯)f¯ + (2dξ − 2ν¯)2dξ. (3.18)
This is the dual of (1.3) with a 6= 0. Computing the discriminant of (3.18) we find
D = (2dξ − ν¯)2 − (2dξ − 2ν¯)2dξ = ν¯2, (3.19)
which is the identification anticipated in the introduction.
In order to appreciate the physical content of the present conclusion it is worth fo-
cussing on an explicit example. Consider type IIB supergravity. It is known that a con-
sistent truncation of this theory at the 2-derivative level does not contain a nonminimal
coupling, i.e. ξ = 0. However, as soon as supersymmetry is violated, there is no reason to
expect the previous condition to hold, and generally ξ 6= 0. What we have shown above is
that the introduction of a nonminimal coupling necessarily requires a deformation of the
boundary physics. This deformation is parametrized by a doubletrace deformation of the
dual CFT with coupling f¯ 6= 0 and beta function (3.18).
This picture has a straightforward dual interpretation. As long as supersymmetry is
preserved, type IIB supergravity is dual to N = 4 SYM at large N and large ’t Hooft
coupling, which is known to be exactly conformal. If supersymmetry is broken, the would-
be N = 4 SYM must be supplemented with doubletrace deformations (f¯ 6= 0) in order
to obtain a consistent quantum field theory. The beta function for the coupling of the
deformation acquires the form (1.3) – where ∆ is the dimension of O when f¯ = 0 and
corresponds to our ∆− = d/2−ν, while a measures the deviation from the supersymmetric
scenario.
We therefore conclude that the parameter a is mapped into the quantity ξ by the
gauge/gravity correspondence. Matching the discriminant (3.19) with the field theoretic (1.5)
we have (
∆− d
2
)2
− va = d
2
4
+m2 − ξR, (3.20)
which allows us to formally relate the nonminimal coupling ξ to the CFT violating term a
as ξR = va.
4 The gravity spectrum
We would like to analyze the spectrum of the scalar fluctuations of (2.4); the generalization
to the nonminimally coupled case ξ 6= 0, eq. (3.13), is straightforward. This study will
enable us to identify a condition for the perturbative stability (absence of tachyons) of
the AdSd+1 background in the presence of doubletrace deformations. A nonperturbative
(though classical) condition for stability in the presence of arbitrary deformations W and
nonminimal couplings will be presented in Section 5.
1The nonminimal coupling ξ clearly does not depend on the cutoff ǫ, and so do the mass m2 and any
bulk parameter.
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In agreement with the field theory expectations reviewed in the introduction, we will
see that a resonant mode develops in the conformal window 0 < ν < 1. This resonance
will be argued to be a generic feature of models interpolating between two fixed points of
the RG flow.
4.1 Physical excitations
By defining φ = z
d−1
2 ψ, the equation of motion (2.5) reduces to a Schroedinger form
− ψ′′p +
ν2 − 14
z2
ψp = p
2ψp, (4.1)
where p2 = −q2 is the momentum in Minkowski space. Equation (4.1) is equivalent to a
quantum mechanical problem for a particle in a central potential.
When ν is complex, i.e. m2 < m2BF , equation (4.1) admits tachyonic solutions and
the hamiltonian becomes unstable. This does not represent a problem in a nonrelativistic
setup, in which p2 = E < 0 is allowed [25], but it certainly does in our case. The analogy
with the quantum mechanical system suggests that, in order to obtain a positive vacuum
energy when the scalar violates the Breitenlohner-Freedman bound [14], the system has to
be enclosed in a box. This translates into the introduction of an IR and an UV boundaries
and signals a breaking of conformality [26][27]. From now on we will focus on the case
0 < ν < 1, i.e. on the conformal window of the dual CFT.
The wavefunctions ψp must satisfy appropriate boundary conditions. The boundary
conditions at the conformal boundary, see (2.9), are imposed on general field configurations,
in particular on the physical excitations. In terms of the field ψp these are
2
zψ′p +
(
ν − f¯ − 1
2
)
ψp = 0. (4.2)
The boundary conditions at z →∞ follow from normalizability (or equivalently from the
second equation in (2.6)) and, in terms of the rescaled field ψp, reduce to the requirement
of square integrability in the region z > 0. Because the Schroedinger potential in (4.1)
approaches zero in the far IR, we deduce that the spectrum contains a continuum of delta-
function normalized profiles ψp of masses p
2 > 0.
Tachyonic solutions are also present for generic f¯ < 0. The normalizable solution for
p2 < 0 is given by ψT = NT
√
zKν(pT z), where NT is determined by the normalization,
while the eigenvalue is given by the condition (4.2) at the UV cutoff ǫ:
pT ǫ
Kν−1(pT ǫ)
Kν(pT ǫ)
= −f¯ . (4.3)
Using (2.14)(3.8)(3.9) the above relation is seen to coincide with the condition for the
existence of an Euclidean pole in the 2-point function (3.8), as one would have expected.
The AdSd+1 space is therefore unstable if f¯ < 0, and consistently we see that in this case
2We are focussing on the theory (1.1) with W = fO2, and hence we assume that J˜ = 0.
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the field theoretic beta function (1.3) develops an IR Landau pole. As f¯ → 0 the tachyon
becomes lighter and at f¯ = 0 it interpolates a massless bound state with profile
ψ0 = N0z
1/2−ν . (4.4)
This state is not normalizable (N0 = 0) in the conformal window 0 < ν < 1, and thus has
no physical impact. Indeed, no such pole is found in (3.8).
For f¯ ≥ 0 there are no tachyons in the spectrum, and the theory is now perturbatively
stable. We show below that in this case the tachyon is converted into a resonant mode.
4.2 Resonant pole
The analogy between the Schroedinger equation (4.1) and the nonrelativistic model for a
particle scattering off a central potential suggests to look for resonant modes (i.e. Gamow
states) among solutions of the eigenvalue problem that satisfy pure outgoing boundary
conditions at radial infinity, namely ψ ∼ eipz at z ≫ 1. This modified IR boundary
condition selects the solution
ψR =
√
zH(1)ν (pRz), (4.5)
where H
(1)
ν = Jν + iYν is the Hankel function. By imposing the boundary condition (4.2)
at the conformal boundary we find
pRǫ
H
(1)
ν−1(pRǫ)
H
(1)
ν (pRǫ)
= f¯ . (4.6)
Equation (4.6) admits solutions p2R for f¯ ≥ 0 only. Taking the limit ǫ → 0 and using the
identification (3.9), the eigenvalue equation can be rewritten as:
(−p2R)ν = −ǫ−2ν
22ν
2ν
Γ(1 + ν)
Γ(1− ν) f¯ (4.7)
= −2νΓ(1 + ν)
Γ(1− ν)2
2νf.
This is precisely the condition for the appearance of a pole p2R in (3.8). In the case f¯ > 0,
as opposed to f¯ < 0, this pole is generally complex.
Explicit solutions of the resonant condition have been derived in [10]. In that paper it
was shown that a single pole out of the infinite solutions of (4.7) has the correct status of
resonance, and that this resonance may be seen as the remnant of the Nambu-Goldstone
mode of conformal invariance found in the nonsymmetric phase. Notice that in passing
from the first to the second line of (4.7) it is crucial that f¯ is a relevant coupling. If f¯
is irrelevant, or even marginal, then the pole p2R would diverge as some negative power of
ǫ and the resonance would decouple. We conclude that a resonance emerges only if the
coupling f¯ is defined in the range 0 < f¯ < 2ν, in which the theory flows between two
CFT’s, in perfect agreement with the field theory analysis [10].
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Resonant states are found by giving up the hermitianity of the Schroedinger opera-
tor (4.1). As a result, their mass is generally complex, and their profiles are not normaliz-
able. Specifically, due to its non-vanishing width the resonant profile (4.5) asymptotically
reads:
ψR ∼ eipRz = eiMz+
Γ
2
z, (4.8)
where we introduced the definition pR =M− iΓ/2. The resonance is thus generally peaked
in the IR if Γ > 0, as its compositeness nature anticipates, and becomes more and more
overlapped with the UV region as the width vanishes. It is easy to see when this limiting
case occurs. From (4.7) we find that the ratio between the width Γ and the mass M of the
resonance is:
Γ
M
= −2 tan
(
1 + 2k + ν
2ν
π
)
, (4.9)
where k = 0,±1,±2, . . . . A small width is attained for ν → 1− and if k = −1 [10]. In the
latter case we have
Γ
M
≃ 1− ν
ν
π, (4.10)
indicating that the resonance width vanishes as the dual operator O interpolates a free
scalar field.
We emphasize that such an IR-localized mode does not back-react on the geometry.
Indeed, this state does not satisfy the boundary conditions (2.6) imposed in the formulation
of the variational problem and therefore does not contribute to the equations of motion.
Because of its off-shell nature, the resonance (4.5) has no impact on the vacuum structure,
even though its profile is formally divergent in the IR. We will have more to say on the
stability of the AdSd+1 geometry in the next section.
The emergence of a resonant mode in the presence of a boundary mass term is a
generic feature. This can be illustrated by studying the flat space-time limit. Consider the
equation of motion for φ in the limit in which the curvature vanishes:
− φ′′ +m2φ = p2φ, (4.11)
where p2 is the Minkowski momentum and m2 the bulk mass. Suppose now that the space-
time is confined in the region z > 0, or similarly that −∞ < z < ∞ with a Z2 orbifold
symmetry around the origin. Let us place a brane at z = 0 with a localized mass term of the
form ∆2 φ
2. The equation of motion for φ now admits an exponentially localized solution
with momentum p2 = m2 − ∆2. Absence of tachyons then requires m2 ≥ ∆2, which is
basically the stability condition f¯ ≥ 0 of our model (4.1). Once gravity is switched on,
one expects the localized mode to decouple because of the curvature-induced suppression
of the potential (4.1) at large z. Yet, by continuity of the physical observable, a remnant
of the long range force mediated by the localized mode should be found. This is precisely
the resonant mode (4.5).
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The previous argument can be generalized to more involved frameworks. We would
like to convince the reader that a resonant behavior of the type discussed above is charac-
teristic of geometries interpolating between two AdS spaces. Our argument is very simple,
and rather general. A deformation of the gravitational background should be induced by
the condensation of a set of fields which we collectively call φ. The assumption that the
geometry interpolates between two AdS spaces is equivalent to the statement that φ ap-
proaches constant values for z → 0,∞. If we now assume that gravity can be switched off
– for example by sending the Planck mass to infinity – in such a way that the previous
asymptotic condition on the scalar is not drastically changed, i.e. in such a way that φ still
interpolates between constant values (which may differ from the gravity model), we infer
that the spectrum contains a normalizable massless scalar mode. In fact, in the absence of
gravity our assumptions on the scalar vacuum imply that translational invariance has been
spontaneously broken, and that an associated normalizable Nambu-Goldstone mode must
appear. In analogy to the exponentially localized mode discussed in the above example,
its presence is expected to be signaled by a resonant behavior in the gravitational model.
A class of models with this property has been studied in [28], and consists in those
theories in which the scalar potential V can be written in terms of a function P (φ) as 2V =
P ′2− dGd−1P 2, with G the Newton constant (see also Section 5). Background configurations
for φ satisfying d-dimensional Poincare invariance can be written as solutions of the first
order equation φ′ = P ′(φ), and hence persist unmodified in the limit µd−1G→ 0 in which
gravity decouples. As gravity is continuously switched on, the Nambu-Goldstone mode of
translational invariance is turned into a scalar resonance manifesting itself in the 2-point
function of the bulk scalar φ [28].
Recalling the gauge/gravity relation between the coordinate z and the RG scale µ, we
associate the resonance found in these models with a would-be Nambu-Goldstone mode of
dilatation invariance, in agreement with the field theoretic arguments of [10].
5 Stability of AdS/CFT
The analysis of the spectrum of (2.4) has shown that perturbative stability of the AdSd+1
geometry in the presence of doubletrace deformations is ensured as far as f¯ ≥ 0, in agree-
ment with the RG analysis. In this section, we sill study the gravitational stability for
arbitrary potentials W by means of the nonperturbative approach of [17][18][19].
We will consider scalar/gravity systems supporting both regular and irregular terms,
namely theories in which both the α, β coefficients of (2.7)(2.8) are in principle present.
The stability of systems satisfying α = 0 have been studied at length in the literature
starting with [29]. The stability for minimally coupled scalar/gravity systems with α 6= 0
has been discussed in [17][18][19]. Our main aim is to generalize the results of [17][18][19] to
models with nonminimal couplings to gravity. In addition, we will provide a gauge/gravity
interpretation for the requirement imposed in [17][18][19] that the bulk scalar potential is
determined by a “superpotential”.
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5.1 Stability of the minimally coupled system
Consider the generalization of (2.4)
I =
∫
M
dd+1x
√
g
[
− 1
2G
R+
1
2
(∇φ)2 − V
]
(5.1)
+
∫
∂M
ddx
√
h
[
− 1
G
K − U
]
,
where U and V are functions of φ and G is the Newton constant. A correct formulation
of this theory requires the definition of appropriate boundary conditions. Following the
prescription developed in Section 2.2 we choose
na∇aφ = U ′ δgab = 0. (5.2)
The equations of motion read
−∇2φ = V ′ (5.3)
1
G
(
Rab − 1
2
gabR
)
= ∇aφ∇bφ− gab
(
1
2
(∇φ)2 − V
)
.
In the above equations and below a prime denotes derivative with respect to φ.
In the following discussion we will concentrate on systems that asymptotically approach
the AdSd+1 space
φ→ 0 ds2 → 1
z2
ηabdx
adxb. (5.4)
Self-consistency then requires that the asymptotic AdS background (5.4) is a solution of
the equations of motion, i.e. V ′(0) = 0 = U ′(0) and
GV (0) = −d(d− 1)
2
= −1
2
d− 1
d+ 1
R. (5.5)
We normalized the curvature length to 1 to conform with the convention used throughout
the paper.
Given our boundary conditions, we then ask how φ = 0 is approached by a generic
solution of the equations of motion. In the following analysis we focus on models in which
the scalar φ has a mass in the range m2BF < m
2 < m2BF + 1; in this case we expect both
fast and slow falloff terms to be generally present. Let us be a bit more precise and assume
that (5.1) has a Z2 φ → −φ symmetry. Under this hypothesis the potentials V,U do not
contain a φ3 term and, given the asymptotic form of the metric (5.4), the leading z ∼ 0
expression for a scalar φ for d ≥ 4 is entirely dictated by the quadratic potential
φ ∼ αz∆− + βz∆+ (5.6)
where ∆± are defined in (1.2) with m
2 = V ′′(0).
The constraints 0 < ν < 1 and d ≥ 4 imply that 4∆− > d, and ensure that near
the conformal boundary
(
1 +O(φ2)
)
φ ≈ φ. This is basically a statement regarding the
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irrelevance of the higher order correlation functions of the undeformed CFT. The dual
interpretation is that higher order correlators are expected to be suppressed by powers of
1/N , within the CFT. This does not mean that higher order terms in U are suppressed,
though: the couplings entering the CFT deformation W defined in (1.1) are in principle
arbitrary (i.e. the deformation (2.29) generally has a nontrivial dependence on the UV
cutoff such that higher powers of the field may survive after the continuum limit is taken).
In other words, at the UV boundary we expect that
V → V (0) + V
′′(0)
2
φ2, (5.7)
with U generic.
As shown in Section 2.2, the boundary condition induced by an arbitrary U implies a
generic relation between α and β. This typically leads to a breaking of the asymptotic AdS
isometries 3. Yet, an asymptotic time-like killing vector exists [30]. Since by diffeomor-
phism invariance conserved charges associated to space-time symmetries reduce to surface
integrals, one concludes that these systems posses a conserved energy which can be used to
formulate a stability theorem. Asymptotically AdS spaces with a scalar in the mass range
0 < ν < 1 and with an arbitrary relation β(α) have been extensively studied in the context
of designer gravity [31].
The relation β(α) can be systematically implemented by means of the effective poten-
tial (2.27). In terms of W˜ , and taking into account the asymptotic form of the metric, the
boundary condition (5.2) on the scalar becomes (2.28). Notice that any additive constant
in W˜ is immaterial if the metric satisfies Dirichlet conditions. Without loss of generality
we assume that W˜ (0) = 0.
The theory dual to the classical system (5.1) with W˜ = 0 is a d-dimensional CFT at
leading order in 1/N . We hence expect the stability of (5.1) to be controlled by the CFT
deformation: a sufficient condition for stability of AdSd+1 is that W˜ ≥ 0. A series of papers
analyzed the stability of the scalar/gravity system (5.1) using a genuinely gravitational
perspective [17][18][19]; accordingly, their conclusion is that the energy of the scalar/gravity
system is bounded below by the minimum of W˜ , if it exists. See also [16].
In the specific case of a doubletrace deformation we write W˜ = f¯φ2/2, and stability of
AdS requires f¯ ≥ 0. This conclusion agrees with the perturbative criteria. Furthermore,
it clarifies why the RG analysis of doubletrace deformations presented in Section 3 that
assumed an AdSd+1 background was correct at leading order.
The stability theorem established in [17][18][19] applies to non-generic scalar potentials.
Specifically, in the proof it is crucial that V be given in terms of a function P as
2V = P ′2 − dG
d− 1P
2. (5.8)
This is not sufficient, though. One can show that the solutions P (φ) of (5.8) occur in two
branches, called P±, which differ in particular in the quadratic term in φ (see [32] for a
3Asymptotic scale invariance is satisfied if the CFT deformation is barely marginal. In our formalism
this requires that W˜ = λ¯φn with n∆
−
= d. In this case (2.28) and (2.29) give β = nλ(2να)∆+/∆− , which
is precisely the condition ensuring the preservation of the asymptotic AdS isometries found in [30].
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systematic study). Near the AdS boundary this means that
P±(φ) = P (0) +
∆±
2
φ2 + . . . . (5.9)
The stability theorem requires that (5.8) admits a global solution P−, the existence of P+
is not sufficient [19]. Assuming that a solution P− of (5.8) exists, the theorem says that
AdS/CFT is stable provided the minimum of W (or equivalently W˜ ) satisfies W ≥ 0.
The necessity of a solution P−(φ) can be anticipated by the field theory interpretation.
Indeed, recall that the stationary points of the effective action of our d-dimensional dual
theory satisfy β = W ′, and note that the criteria for the nonperturbative stability of the
dual CFT is based on the study of the stationary points of the effective potential W . In the
gravity language we say that the AdSd+1 geometry is stable provided the configurations
with β = 0 – those behaving asymptotically as φ = αz∆− – have higher energies compared
to pure AdSd+1 with α = β = 0. In complete generality one can show that any background
manifesting d-dimensional Lorentz invariance (the dual boundary theory has no gravity)
and having a scalar configuration with the asymptotic form φ ∝ z∆− can be written as a
solution of φ′ = P ′− = ∆−φ+ . . . , with some P− defined by (5.8), see for example [33]. We
thus see that the function P− must exist if our dual CFT interpretation holds.
5.2 Stability of the nonminimally coupled system
We would like now to generalize the stability theorem of [17][18][19] to the nonminimally
coupled case, the relevance of which has been emphasized in Section 3.3. The field theory
suggests that the stability of such systems cannot be simply a consequence of the boundary
potential W , as it was for the minimally coupled system, because now the undeformed
dynamics is not described by a sensible quantum theory. The stability will crucially depend
on the interplay between the undeformed theory and the boundary deformation.
Limiting ourselves to a 2-derivative action we generalize (3.13) to:
Ireg =
∫
M
dd+1x
√
g
[
− 1
2G
Y R+
1
2
(∇φ)2 − V
]
(5.10)
+
∫
∂M
ddx
√
h
[
− 1
G
YK − U
]
,
The functions V,U, Y depend on φ in a Z2 invariant way. The meaning of the Y K term is
elucidated in the Appendix A. The bulk equations of motion for the scalar is the same as
in the minimally coupled system, whereas the Einstein equations become
1
G
(
Rab − 1
2
gabR+ gab∇2 −∇a∇b
)
Y (5.11)
= ∇aφ∇bφ− gab
(
1
2
(∇φ)2 − V
)
.
The boundary conditions now read
na∇aφ = U ′ +∇anaY
′
G
δgab = 0. (5.12)
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The asymptotic forms of φ, gab discussed for the minimally coupled system, eq. (5.4) also
apply to the nonminimally coupled case, up to a minimal difference. In fact, the curvature
length of the boundary AdS space is still given by (5.5); however, in the general case
Y ′′(0) 6= 0 the asymptotic scalar profile (5.6) becomes
φ ∼ αz∆¯− + βz∆¯+ , (5.13)
where the exponents ∆¯± may contain an effective mass contribution from Y . The functional
relation β(α) is determined by the boundary condition (5.12), in analogy with the minimally
coupled case. In (5.13) we assumed 0 < ν¯ < 1 and d ≥ 4 and used the fact that, for the
same reasons leading to (5.7), near the conformal boundary we can approximate:
V → V (0) + V
′′(0)
2
φ2 (5.14)
Y → 1 + Y
′′(0)
2
φ2.
Again, U can be generic.
In order to generalize the stability proof presented in [17][18][19] to the nonminimally
coupled model (5.10), we find it convenient to perform a change of variables and obtain a
minimally coupled system, for which the stability theorem has been derived. The new field
variables φ¯(φ) and g¯ab(φ, g) are defined by(
dφ¯
dφ
)2
=
1
Y
+
d/G
d− 1
Y ′2
Y 2
g¯ab = Y
2
d−1 gab. (5.15)
In terms of the new fields, the original action (5.10) becomes
Ireg =
∫
M
dd+1x
√
g¯
[
− 1
2G
R¯+
1
2
(∇¯φ¯)2 − V¯
]
(5.16)
+
∫
∂M
ddx
√
h¯
[
− 1
G
K¯ − U¯
]
,
where
V¯ =
V (φ)
Y
d+1
d−1
, U¯ =
U(φ)
Y
d
d−1
. (5.17)
One can easily check by making use of the equations of motion that the mass m¯2 = V¯ ′′(0) of
the rescaled field φ¯ coincides with the effective (Y -dependent) mass of the original variable
φ (see below eq. (3.15)):
V¯ ′′(0) = V ′′(0)− d+ 1
d− 1V (0)Y
′′(0) (5.18)
= V ′′(0) +
1
2G
RY ′′(0).
Since Y plays the role of an effective Planck mass, we will always assume that Y > 0.
Under this condition the change of variables (5.15) is invertible. Furthermore, since the
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jacobian of the transformation is the unit matrix at the origin, the on-shell physics described
by the new system is equivalent to the original, nonminimally coupled theory. It then
follows that a stability condition for the minimally coupled system φ¯, g¯ab determines the
stability of the nonminimally coupled one.
The nonminimally coupled variables may be referred to as the physical degrees of
freedom, to emphasize that the change of variables (5.15) is just a mathematical artifact,
and it does not have any physical interpretation. The physical fields are believed to be dual
to CFT operators, and it is the boundary conditions on these fields, i.e. (5.12), that should
be related to the CFT deformation as discussed in Section 2.2. The minimally coupled
system inherits the boundary conditions from the nonminimally coupled variables.
For us the crucial observation is that the relations (5.15) imply
g¯ab =
(
1 +O(φ2)
)
gab, φ¯ =
(
1 +O(φ2)
)
φ, (5.19)
so that the on-shell asymptotic form of the new fields coincides with that of the original
variables: φ¯→ φ. Denoting the asymptotic form of the rescaled field as
φ¯ ∼ α¯z∆¯− + β¯z∆¯+ , (5.20)
we thus have
α¯ = α β¯ = β, (5.21)
with the functional relation β¯(α¯) following from (5.12).
For the non-pathologic cases in which Y > 0, and provided we restrict our study to
potentials V¯ which can be defined in terms of a potential P¯− (see the discussion below (5.8)),
one can argue that the stability of the nonminimally coupled system (5.10) is controlled
by the effective potential
W˜ (φ) = U(φ)− dY
′′(0)
2G
φ2 − ∆¯−
2
φ2. (5.22)
Eq. (5.22) is the generalization of (2.27) to the case of nonminimally coupled systems.
The potential (5.22) determines the functional relation between α¯ and β¯ very much like
the potential (2.27) determines the relation between α and β in a minimal system. In
the definition of W˜ (φ) we took into account the fact that Y is given by (5.14) near the
conformal boundary.
In the presence of the quadratic deformations introduced in (3.13),
Y = 1− ξGφ2 (5.23)
U =
∆¯−
2
φ2 +
f¯
2
φ2,
our stability condition for the nonminimally coupled AdS/CFT system coincides with the
perturbative criteria, as it was for the minimally coupled case. In fact, the effective poten-
tial (5.22) is bounded below by W˜ ≥ 0 provided
f¯ + 2dξ ≥ 0 (5.24)
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holds. The latter bound is equivalent to the perturbative requirement of absence of tachyons
in the AdSd+1 background, see Section 4, or to the requirement that there exists no IR
Landau pole in the RG analysis, see (3.17) or (3.18).
In summary, we have found that the system (5.10) with the AdS boundary condi-
tions (5.12)(5.4) has a stable AdS ground state if the potential (5.22) has a stable global
minimum with W˜ ≥ 0 (recall that W˜ (0) = 0 by definition). The validity of our proof
is based on the existence of a stability theorem for minimally coupled scalar/gravity sys-
tems [17][18][19], as well as the assumptions that Y > 0 and (5.19). The former assumption
is typically satisfied as long as our semiclassical approach is reliable, namely if Gφ2 ≪ 1.
For the latter assumption to hold, it is crucial that the scalar φ, or equivalently O, has
an unbroken flavor symmetry in the UV. In our case this is simply a discrete Z2, but the
result can be straightforwardly generalized to an arbitrary symmetry, and in particular to
an arbitrary number of scalars.
6 Summary of the results
The main results of the present study can be summarized as follows:
i) we developed a prescription that allows us to treat the ∆± quantizations on a same
footing. This prescription systematically encodes the CFT deformation W , see (1.1),
as a boundary term in the gravity dual. The precise mapping is given in (2.29) for
∆ = ∆−;
ii) for the particular case of doubletrace deformations we reproduced the RG flow found
in field theory, and shown that nonminimal couplings to gravity are typically associ-
ated to a breaking of the conformal symmetry of the boundary theory, see (3.20);
iii) a new class of excitations in the context of the gauge/gravity correspondence has been
identified. These states have non-vanishing widths already at the leading 1/N or-
der, and are mapped into IR non-normalizable modes (Gamow states) on the gravity
side. When the dual theory flows between two fixed points of the RG, one such reso-
nance naturally emerges as the remnant of the Nambu-Goldstone mode of dilatation
invariance;
iv) we generalized an existing nonperturbative, classical stability condition for minimally
coupled scalar/gravity systems on AdSd+1 backgrounds to the case of nonminimally
coupled theories: AdSd+1 is stable if the effective potential (5.22) – satisfying W˜ (0) =
0 by definition – is such that W˜ ≥ 0.
Note added After the first version of this work was submitted to the ArXiv, the authors
of [34] shown that the vacuum energy of the minimally coupled system defined in Section 5
is controlled by the following effective potential:
Veff = a|α|d/∆− +W (2να), (6.1)
with a > 0. This formula can be understood by recalling that multitrace deformations
are mapped into deformations of the 1PI action, see Section 2.2: the effective potential of
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the deformed theory is the sum of the CFT potential for the classical field 2να (the first,
bounded below, scale-invariant term in (6.1)) plus the explicit deformation (the second
term in (6.1)). In the case of nonminimally coupled systems the function W in (6.1) is
given by (5.22). The result (6.1) clearly shows that a sufficient condition for the stability
of AdSd+1 is that the requirement iv) applies.
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A Nonminimal couplings and surface terms
The nonminimal Hawking-Gibbons term ensures that gravity admits a consistent varia-
tional problem, and in particular that no derivatives of the metric variation δgab survive
at the boundary ∂M of the space-time manifold.
Indeed, recall that the variation of the Ricci tensor contains a term of the form δR =
∇∇δg + . . . – where the tensor structure has been neglected for simplicity and the dots
stand for bulk terms – that induces a boundary integral∫
M
√
gδR =
∫
∂M
√
hna(∇δg)a + . . . . (A.1)
The minimal Hawking-Gibbons integral
∫
∂M
√
hK precisely cancels all the surface terms
that include derivatives of the variation δg, and in particular ensures that no boundary
terms survive if δg|∂M = 0.
In the presence of a nonminimal function Y one finds a similar result. By varying the
Y R term in (5.10) and integrating by parts we have
δ(Y R) = Y∇∇δg + . . . (A.2)
= ∇(Y∇δg) −∇Y∇δg + . . .
= ∇(Y∇δg) +∇(∇Y δg) − (∇∇Y )δg + . . . .
The third term contributes to the equation of motion (5.11) and can be discarded in our
discussion, while the second vanishes if the metric is kept fixed at the boundary. Therefore,
only the first term survives for δg|∂M = 0, giving a surface integral∫
∂M
√
hna(Y∇δg)a + . . . . (A.3)
This is exactly of the same form as in the minimally coupled case, except for the appearance
of an arbitrary factor Y . The variation of the nonminimal Hawking-Gibbons term in (5.10)
precisely cancels all the derivatives of the metric variation at the boundary ∂M .
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